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Optomechanical Self-Stability of Freestanding Photonic Metasurfaces
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We develop an analytical framework for self-stabilizing optical manipulation of freestanding metasur-
faces in three dimensions. Our framework reveals that the challenging problem of stabilization against
translational and rotational perturbations in three dimensions is reduced to a simpler scattering analysis of
the metasurface unit cell in two dimensions. We derive universal analytical stiffness coefficients applicable
to arbitrary three-dimensional radial metasurfaces and radial beam-intensity profiles. The analytical nature
of our framework facilitates highly efficient discovery of optimal optomechanical metasurfaces. Such use
of metasurfaces for mechanical stabilization enables macroscale and long-range control in collimated, but
otherwise unfocused light beams, and could open up avenues for manipulation beyond traditional optical

tweezing and transport.
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I. INTRODUCTION

The use of light for contactless mechanical manipu-
lation of freestanding objects spans a wide and diverse
set of applications across biology and biomedicine [1—
3], colloidal science [4—6] and microfluidics [7-9], as
well as chemistry [10—12], and quantum optomechanics
[13—18]. In typical approaches to optical manipula-
tion—such as optical tweezing and transport [19—
24}—particles and small objects are trapped by strong
optical field gradients created by focusing light into a tar-
get spot. This need for focused light can limit the size
of objects that can be manipulated, as well as the vol-
ume of space and the distance at which manipulation
is effective. In contrast, manipulation with collimated,
unfocused beams could overcome these limitations but
is inherently unstable: a slight disturbance of an object
away from the beam axis results in destabilizing radia-
tion pressure. Efforts to tackle the problem of stabilizing
freestanding objects have relied on prescribing a particu-
lar geometric shape, such as a parabolic [25] or spherical
[26], with the intention of inducing counterbalancing opti-
cal forces and torques. Such approaches introduce further
challenges of fabricating structures with precise three-
dimensional shape. In contrast, nanostructured interfaces
offer a means of controlling the optical force [27—32], lead-
ing to concepts of passively restoring optical manipulation
[33-37]. However, examples in the literature have been
limited to suboptimal photonic designs, restrictions to two-
dimensional models, and the need for additional parasitic
tethered masses to offset the center of mass for stability.
Crucially, there has been no approach to analytically assess
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self-stability of nanostructured objects and their dynamics
in three dimensions.

In this work, we develop a general optomechanical sta-
bilization framework that is analytical and applicable for
dynamics in three dimensions, and that further facilitates
discovery of nonconventional but optimal metasurfaces.
We use symmetry and perturbation calculus to demon-
strate that the challenging problem of stability in three
dimensions can be formulated as a much simpler scatter-
ing analysis of the metasurface unit cell in two dimensions
in equilibrium. We establish universal expressions for ana-
lytical stiffness coefficients, applicable to arbitrary radial
metasurface elements and radial beam-intensity profiles.
Due to its analytical nature, our framework facilitates effi-
cient global exploration of optimal metasurfaces and also
beam-intensity profiles, subject to conditions for stabi-
lization in three dimensions. As we show by example, a
number of relevant design figures of merit—e.g., maxi-
mizing force and torque, stiffness, beam power utilization,
etc—can be incorporated in a straightforward manner
for effective optimization and refinement over a broad
parameter space.

II. METHODS AND RESULTS

A. Analytical formalism for metasurface self-stability

We consider a configuration for optomechanical manip-
ulation where a beam impinges on a planar, freestanding
three-dimensional object with a structured surface and size
much larger than the wavelength of light (Fig. 1). The
surface of the object contains embedded, radially vary-
ing building-block elements that induce longitudinal and
radial radiation pressure (Fig. 1, right inset). Our approach

© 2021 American Physical Society
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FIG. 1. Optomechanical stabilization of freestanding objects
with a nanostructured metasurface (inset: cross-section view).
Embedded, radially varying, building-block elements can gener-
ate passively restoring optical forces /' when the metasurface is
displaced from its equilibrium position on the beam axis. For lat-
eral translations and rotations relative to the axis of an arbitrary
varying beam, the three-dimensional optomechanical response of
the object can be fully captured by the normal (p,) and the radial
(ps) radiation-pressure components in the two-dimensional plane
of the unit cell [Eq. (6)].

is general in that we make no assumptions about the pho-
tonic nature of these elements: for example, these could be
unit cells of phase-gradient metasurfaces [38—46], periodic
Bloch-wave metagratings and photonic crystals [47,48],
metasurfaces based on anisotropic Mie scatterers [49,50],
or even a combination of two or more photonic motifs.
In the frame of the metasurface, the impinging laser beam
induces the spatially dependent radiation-pressure compo-
nents p;, at each point on the surface. Depending on the
position and the orientation of the object, it will experi-
ence a cumulative sum of forces and torques induced by
its subelements. Specifically, the net force on the object,
transformed into the inertial frame of the laser beam (frame
1), is given by

I
F, DJ2 2

Fy| o= / ds f dBH (B,6,¢)
F. 0 0

Ds
x | 0 |I(ry)cos(G)s, (D)

Pn

where s, B are the radial coordinate and the axial angle of
the unit element, respectively, and D is the overall length
of the metasurface object. In this analysis, we assume that
the size of the object and the spatial variation of the beam
intensity are both much larger than the metasurface unit
cell. For convenience of notation, the pressure components

Psa are normalized to the (local) light intensity / and the
speed of light ¢ (Appendix A).

The transformation of the force from the metasurface
unit cell frame S to the laser frame 7 is facilitated by the
direction cosine matrix H§ (B,60,¢), where 8,6, ¢ are the
Euler angles describing the rotation of the object in three
dimensions (Appendix A). In Eq. (1), the beam intensity /
is evaluated at the radial distance 7, away from the beam
axis in the / frame. This is calculated from the absolute
position of the unit element in frame /—we label this posi-
tion as 7. When the center of mass is laterally offset by
distance x and y from the beam axis (in / frame), we
deduce

N

+Hi(B,0,0) | 0]. )

X
r=1\y
0 0

The radial distance in Eq. (1) is then given by r, =
/2 +72. Analogous to the force expressions, the torque

experienced by the metasurface is given by

Ty D/2 2
T, | = / ds / dp
T, 0 0

N Ps
x |HE |0 HE| 0 || 1(r) cos(G)s, (3)
0 Pn

where HE is the coordinate transformation from the unit-
cell coordinate frame to the body axis coordinate frame
[i.e., it is a rotation by angle B, namely HE = HL(B,0,0)].
In both Egs. (1) and (3), the cos(G) factor accounts for
the projected area of the rotated object, i.e., the cosine
of the angle between the incident wave vector and the
object surface normal, namely cos(G) = k> - ii. The last

transformation that is needed is the expression for I;f,
the incident beam wave vector in frame S. This is given
by 7&13 = [y, ki kn ]S = H? ko, where in the beam frame (/
frame) we assume incident light in the z direction, 7{0||2
(see Appendix A for details). With these expressions in
place, we can write the projected incident angle ¢, from
Fig. 1, as ¢ = tan~!(k,/k,). The projected angle ¢ plays a
key role in the stability analysis, as we show below.

We seek a general analytical framework to describe sta-
bilization for arbitrary metasurfaces and beam profiles.
For the metasurface to be stabilizing, it should seek to
restore its position when displaced from its equilibrium
on the beam axis. In general, the behavior of the meta-
surface is described by the nonlinear rigid-body equations
of motion [Appendix A, Eq. (A23)]. Here, we employ a
perturbative analysis to describe the metasurface dynam-
ics in the vicinity of the beam axis. Under the assumption
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of small displacements and small Euler angles, the trans-
lational motion and the rotational motion are coupled to
first order, e.g., X = (1/m)(0F,/0x)x + (1/m)(0Fy/00)0,
and 6 = (1/M,)(d7,/0x)x + (1/M,)(97,/360)6 (and sim-
ilar for other coordinates), where m is the metasurface
mass and M, is the moment of inertia about the y axis.
The general description of the dynamical system is given
in Eq. (A24). For the purposes of assessing stability, the
key information is provided by the Jacobian matrix of the
system J, whose elements are given by

9
3y =2 )
Buj
where f relates to the forces and torques present in the
system (FY, Ty, etc.) and u the system variables (x, 6, etc.).
For the system analyzed in this work, the nonzero elements

of the Jacobian matrix are (Appendix A)

_19F._ 10F,
XM= m oy’
18F,  10F,
Xo=——0 = ———,
m 060 m ¢ s
. 1 dr, _ 1 oz, (5)
A VA R VA
1 oz, 1 ot
X4 == 2

M. ¢ M, 90’

where we explicitly define the stiffness coefficients x;_a.
For metasurface stabilization, there should be no eigen-
values of the Jacobian matrix with a positive real part.
This condition can be stated as a set of stability condi-
tions ¢;(x1, X2, X3, Xa4) < 0 that are presented in Eq. (A27).
We remark that despite preferential coupling of x-6 and
y-¢ in Egs. (5), expressions for x;_4 must derive from
the full three-dimensional dynamical behavior of the
object: e.g., even when the motion along a single axis
is considered, both the metasurface and the light scat-
tered from it need to be treated as three-dimensional
entities.

The first key result of this work is to demonstrate that the
optomechanical response of a complex dynamical system
of a translating and rotating metasurface in a light field can
be embodied by a simpler subspace of unit-cell radiation
pressures. Specifically, we develop analytical expressions
for the stiffness coefficients x;_4 of the system depen-
dent on the radial p, and longitudinal p, radiation-pressure
components of the unit cell, where

T (D2
x=—-— / psl’ (s)sds, (6a)
mc Jo

D)2 9
B [_ P +zpn}1<s>sds, (6b)
mc Jo 8q

T [P

0= /0 pal (s)s*ds, (6¢)
(P2 ap

= 21(s)s*ds, 6d

= | s (6

evaluated at equilibrium on the beam axis (see Appendix A
for the complete derivation). Here, s, n are the radial and
the normal coordinate of the unit cell, respectively, and
m, M are the mass and the (diagonal) moment of inertia
of the metasurface of size D (with M = M, = M,), and
c is the speed of light. The profile of the laser beam is
accounted for by expressions for the radial beam intensity
I(s) and the radial derivative of intensity I'(s) = 9/(s)/ds.
The response of the unit cell gives rise to the radial p;
and the normal p, radiation pressures and derivatives with
respect to the angle ¢, which is the incident angle of the
beam projected onto unit-cell plane (Fig. 1). In Eq. (6),
the pressures p; , and their derivatives (evaluated at ¢ = 0)
are dimensionless, i.e., normalized per intensity and speed
of light. Pressures p;, are implicitly assumed to vary spa-
tially; when this is not the case, the stiffness coefficients
simplify with only the beam intensity under the integral
[Eq. (A30)].

As we show below, the analytical expressions of
Egs. (6a)—+(6d) become a powerful tool for predicting sta-
bilizing behavior and for discovering optimal metasurface
configurations.

B. Dynamics of conventional metasurfaces

We first consider an interesting question of when can a
planar reflective metacone exhibit stabilizing behavior in a
light field. The structure, shown schematically in Fig. 2, is
assumed to refract light equivalently to a reflective surface
inclined at an angle «. A simple analysis of the reflec-
tion off of a tilted surface yields the following expressions
for the pressure: p;, = —sin(Rw), p, = 1 + cos(2a), and
ops/dq = 1 — cos(2w), Ip,/dq = — sin(2w), all evaluated
at equilibrium (¢ = 0) (see Appendix B for details).

In addition to lateral stabilization, it is important to opti-
mally use the incident beam power. Specifically, we seek
to maximize the longitudinal (pushing) force relative to the
power of the incident beam. The longitudinal force F. is
given by

D/2

= 2—7T pul (s)sds. 7

F, =
c

Figure 2(a) shows the total longitudinal force as a func-
tion of beam width (w) and cone angle (o), normalized to
Fo = Py/c, where Py =27 [° I(s)sds is the total beam
power. By inspection, the maximal longitudinal force is
F, = 2F): this corresponds to an object both wide enough
to intercept the full beam power and perfectly specularly
reflective to change incident photon momentum from hkyz
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FIG. 2. Stability analysis of a planar structure that acts as a
reflective metacone. (a) Shaded area corresponds to the region
of instability, where the necessary condition for stability is vio-
lated. For a Gaussian beam-intensity profile peaked on axis, no
combination of cone angle and beam width can lead to a stable
configuration. (b) In an annular beam, candidate stability config-
urations become possible. All dimensions are normalized to the
structure diameter D.

to —hkoZz. The shaded area in the figure corresponds to the
case where the necessary condition for stability c¢j 23 < 0
is violated [Eq. (A27)]. For the case of a Gaussian beam

of intensity proportional to e=2" /", we observe no combi-
nation of the cone angle and the beam width that leads to
stabilizing dynamics.

An annular incident beam, by contrast, can satisfy the
stability conditions [Fig. 2(b)]. For a beam of the intensity

proportional to e=2~"°/** e notice a region where sta-
bilization is possible. Interestingly, there appears a trade-
off between small cone angle and large beam width (i.e.,
the photon momentum change is greater but the beam is
wider) and large cone angle and small beam width (i.e.,
momentum change is smaller but the beam is more con-
centrated on the object). Similarly, we observe a set of
candidate solutions near w ~ 0.2D. The thin region of
candidate configurations that satisfy conditions c;3 is
associated with a strong variation and sudden change of
sign of the rotational stiffness coefficient x3, when a nar-
row annular beam is concentrated on the outer edges of the
structure (analyzed in more detail in the Appendix A). For
o < 0, we observe no solutions for either the Gaussian or
the annular beam case in Fig. 2.
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FIG. 3. Validation of the analytical formalism with a numeri-
cal ray-tracing model. (a) Ray-trace simulation of light incident
on a three-dimensional object. (b) Forces on the cone as the
cone angle « is varied. Positive angle represents an inverted cone
(apex below the base). The rotation angle 6 and ¢ are set to 0°. (c)
Forces on the cone as a function of the rotation angle 6, when the
cone angle « is constant. The analytical results and the numerical
ray-trace simulations in (b),(c) are indicated with solid lines and
circles, respectively.

A Dbenefit of choosing the example of a reflective cone
is that it allows us to validate our analytical results
against a numerical ray tracing model. To verify our ana-
lytical expressions, we develop a ray-tracing model in
which normally incident light scatters off of an inclined
reflective surface. The ray-trace model is developed in
the finite-element-method solver COMSOL Multiphysics.
Figure 3(a) shows an example of a set of rays, incident
from the bottom, scattering off of a tilted cone. For eas-
ier visualization, only a handful of rays are shown. In
our numerical analysis, we consider approximately 58 000
rays to ensure convergence. For each ray, we calculate the
momentum change between the incident and the refracted
momentum, which enables us to quantify the radiation-
pressure force. To compare against the ray-trace model, we
use the previously derived expressions for the radiation-
pressure components. Because the model in COMSOL is
a 3D cone (and not a cone-mimicking planar struc-
ture), the surface normal and the corresponding projec-
tion area factor are modified, namely cos(G) = [k, &z, k] -
[— sin(a), 0, cos(ar)]T = —k sin(ar) + k, cos(a). Similarly,
because the integration is performed along the cone edge,
the limit of radial integration is D/2 cos «. Figures 3(b) and
3(c) show the comparison between analytical equations
and the ray-trace model, when the cone angle « and/or the
cone rotation angle 6 is varied. The two approaches match
to within a fraction of < 0.001.
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FIG. 4. Stability of a directing metasurface in a Gaussian beam. (a) Shaded region shows instability for constant-angle metasurface
configurations except the case of a transparent-mode structure with « > /2. In this case, however, the longitudinal z force is weak.
(b) A varying radial phase profile & = «(s) can combine strong optical force of a reflection-mode structure with stabilizing features of
a transmission-mode structure. (¢) Enhancement of the longitudinal optical force F’ f relative to the case of constant phase profile Fz°
of the same maximum angle «. Shaded area corresponds to the region of instability. (d) Example dynamics for initial perturbation
given by 0 = ¢ = 0.1. Here w/D = 0.4, indicated by a dot in (c). Each panel highlights one coordinate (blue) relative to the three

others (shaded gray).

We now turn to the discussion of directing phase-
gradient metasurfaces, a general family of photonic ele-
ments, which have attracted significant interest [45]. Typ-
ically used for beam steering, these structures inherently
alter the momentum of light in a manner that can be
tailored for passively stabilizing optical manipulation. A
phase-gradient axial metasurface comprises an array of
subwavelength elements that together impart a lateral
wave-vector shift k' = k! + 9®/ds, where k', k' are the
refracted and the incident wave vector, respectively, and s
denotes the radial direction. Figure 4(a) shows a schematic
of such an object where normally incident light is radi-
ally directed at an angle o, namely d®/ds = ko cos().
The expressions for the pressures pg(«) and p,(«) are
derived in Appendix A. For generality, we consider « €
[—m, 7] to account for both reflection-mode (o < 0) and
transmission-mode (o > 0) metasurfaces.

For a metasurface with a constant directing angle,
a(s) = a, Fig. 4(a) shows the net longitudinal force versus
the beam width and the metasurface angle. The strongest
z force is, unsurprisingly, realized for the case of a narrow
beam impinging on a back-reflecting structure, a configu-
ration that maximizes the momentum transfer, as indicated
in the bottom left of Fig. 4(a). However, no configura-
tion in that region—or anywhere else for a metasurface
in reflection mode—could be stable. The onset of stabil-
ity candidates is realized when the metasurface directing
angle o becomes large, i.e., for metasurfaces that predom-
inantly transmit and not reflect light. Though stabiliza-
tion could become possible for such transmission-mode
metasurfaces, this configuration exhibits weak longitudi-
nal force. This force could be slightly increased for larger
metasurface deflection angles, though metasurfaces capa-
ble of steering light at large angles with high efficiency can
be challenging to realize in practice.

C. Design and optimization of metasurfaces

A more promising approach to efficient stabilization is
to incorporate a radially varying phase profile, so that
the strong optical force of a reflecting structure might be
combined with the stabilizing features of a transparent
structure. In our analysis, we first specify the allowable
range of metasurface directing angles £a., shown bounded
by the two dashed lines in Fig. 4(b). For demonstration
purposes, here we select o, = f’—gr, but we note that the
choice of a, could be dictated by external considerations,
including fabrication constraints. We then proceed to dis-
cretize the phase profile over N, radial steps (between 0 and
D/2), where at each step the directing angle can assume
one of N, values within the +«,. bounds. This results in a
total of (N,)"e combinations. Here, we note there are mul-
tiple ways a metasurface object with a target profile can be
realized in practice [51-54].

We show that the analytical nature of our formalism
enables efficient screening of all combinations to obtain
optimal solutions that maximize force, while satisfying
stability conditions. Following this approach, we obtain
the phase profile &, which is shown in Fig. 4(b) (see
Appendix B for details). Closer to the center of mass
of the metasurface (s = 0), we observe nonconventional
variation of phase, trending towards smaller values of «
with stronger longitudinal force. Elsewhere on the meta-
surface, we observe that the scattering response appears
selected to follow the phase profile at the edge of allow-
able «.. In Fig. 4(c), we quantify the enhancement of the
force FY relative to the maximum force for a constant
directing angle. Notably, we see that greater than double
force (F%/F% ~ 2.09) can be realized for beam widths
w = 0.39D, right at the edge of the region of guaranteed
instability [shaded area in Fig. 4(c)]. The enhancement in
the magnitude of the z force remains high even for broader
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beams. The design of optomechanical metasurfaces for a
figure of merit other than the longitudinal force, or over
a finer phase-profile grid is a straightforward extension of
the presented analysis.

Once the necessary conditions for stabilizing behavior
are satisfied, the dynamics of manipulation can be numer-
ically evolved from the full nonlinear equations of motion
[Eq. (A23)]. For the & phase profile, Fig. 4(d) shows exam-
ple dynamics of the composite metasurface. The abscissa
corresponds to time, normalized in units of ¢y = </mc/lyD
where [ is the peak beam intensity on the beam axis.
The observed dynamics shows strongly coupled transla-
tion and rotation: the structure moves along all coordinates,
but in a restoring manner. Going beyond this set of ini-
tial conditions, as an example of probing a neighborhood
around the equilibrium, we sample all combinations of dis-
placement x,y = 4+0.01 and tilt ¢,6 = 40.1 and observe
bounded dynamics over the analyzed timescale (10°1).
The dynamics shown in Fig. 4(c) primarily focuses on lat-
eral stabilization—stabilization relative to the beam axis.
However, we note that our treatment also allows for the
variation of the beam intensity along the z axis. In such
cases, the dynamical behavior of the metasurface would be
generally influenced by the beam’s Rayleigh range.

Additionally, the profile of the beam represents a (mul-
tidimensional) degree of freedom that can be harnessed
for effective optomechanical stabilization, and which our
framework can easily incorporate. Going beyond a Gaus-
sian beam incident on a metasurface, we analyze a
parametrized envelope applied to the Gaussian intensity
profile. We emphasize that the presented formalism lends
itself to straightforward calculation of derivatives of the
merit function and stability constraints, which enables us to
employ efficient gradient-based optimization to show the
potential for a substantial additional enhancement (approx-
imately equal to 170%) relative to the case of Fig. 4(b). For
the case analyzed in this work, the end result is a design
exhibiting a longitudinal optical force that is 12.3x supe-
rior to previous examples in the literature [33]. The details
of the beam-profile analysis are presented in Appendix B.

I11. DISCUSSION AND CONCLUSION

In conclusion, we present an analytical framework for
stabilizing manipulation of freestanding photonic metasur-
faces in three dimensions. We derive analytical expressions

cos B cos 6 cos B sin 6 sin ¢ + sin B cos ¢
HIS(ﬂ,@,@: —sinBcosf —sin B sin6 sin¢ + cos B cos ¢
sin 0 —cos O sing¢

for stiffness coefficients that arise from scattering off of
metasurface elements designed to induce restoring forces
and torques. Our investigation shows how the complex
three-dimensional optomechanical response is captured by
a two-dimensional treatment of the unit-cell scattering.
The implications of this reduced problem dimensionality
are twofold. First, the framework is universally applica-
ble to arbitrary embedded element profiles and/or radial
beam variations. Second, our formalism enables efficient
design of optomechanical metasurfaces as well as light-
beam configurations—we show examples of nonconven-
tional phase-gradient profiles and beam-intensity varia-
tions with substantial (e.g., order-of-magnitude) improve-
ment in performance. These results facilitate the discovery
of macroscale photonic objects for stable manipulation in
collimated, but otherwise unfocused light beams. Such use
of metasurfaces for mechanical stabilization could open
up perspectives for manipulation complementary to tradi-
tional optical tweezing, including long-range manipulation
and manipulation of macroscopic objects, with potential
for terrestrial and space applications [55—62].
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APPENDIX A: DERIVATION OF THE
ANALYTICAL FORMALISM FOR 3D
METASURFACE STABILIZATION

We consider three reference frames of interest: the laser
and lab frame (/), the frame of the object and body
frame (B), and the frame of the embedded unit element
(S)—rotated about the z” axis relative to frame B. Trans-
formation between the laser frame and the body frame
is performed using the 1-2-3 (also known as x-y’-z”)
Euler angle convention of rotations. The direction cosine
matrix that transforms a vector from / frame to S frame is
given by

—cos Bsinf cos ¢ + sin B sin¢
sin B sin 6 cos ¢ + cos B sin ¢
cos b cos ¢

(AT)
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The inverse transformation matrix is, by definition,
equal to the transpose

H = ()" (A2)
In the lab frame, the wave vector of incident light is given

by 7&0 = [0, 0, 1]. Transforming to the S frame, it follows
that

. . ks —cos B sin6 cos ¢ + sin B sin ¢
kf:H,Skoz k;| =| sinBsinfcos¢ +cosBsing |,
ky cos 6 cos ¢
(A3)

where the incident wave-vector components £, k;, k, (in

the S frame) are defined above. The laser beam interacts

with the unit cell in the s-n plane. The projected incident
angle ¢, from Fig. 1 of the paper, is then defined as

ks

tang = T (A4)

We also note that the wave-vector magnitude in the s-
n plane is equal to kg, = \/k? + k2 < |ko|. For a rotated
object, we need to take into account the projected area, cap-
tured by the cosine of the angle between the surface normal
and the incident wave vector cos(G). Note that, to first
order, d cos(G)/d0 = d cos(G)/d¢p = 0, and cos(G) = 1
in equilibrium.

For analyzing the dynamical nature of motion in the
close vicinity of the beam axis, small angles are consid-
ered. Under this assumption, the direction cosine transfor-
mation matrix becomes

H;} (B,0,9)
cos(B)  sin(B) —cos(B)f + sin(B)¢
= | —sin(B) cos(B) sin(B)O + cos(B)¢
o —¢ 1

(AS)

For small displacements x,y < D away from the beam
axis, Eq. (2) can be approximated

x4 scos B
r= y+ssinB ,
s(—0 cos B + ¢ sin B)

(A6)

where the distance to the axis ;’2l A~ (x+scos B) + (v +
ssin B)2. Retaining terms up to and including the first

order, we further write

2cos B 2sin B )
rp ~s 1+ x+ y ~ s + cos x + sin By.
s s
(A7)

For small rotations, it is similarly true that ¢ << 1, so from
Eq. (A4), we have

q=—0cosB+ ¢sinf. (A8)
We now proceed to evaluate the force and torque terms
associated with small perturbations around the equilibrium
position on the beam axis. For example,

I
Fy D)2 2 pscos
0 ) ol
— | F, = ds dp | pssin B (rs) s,
x| g 0 0
F, Pn
(A9)

where we recognize that

DI(ry)  AI(ry) drL  AI(s)

=7 , (A10
0x Jr; 0x as cos cos f, ( )

using the shorthand 7’ (s) = 91(s)/ds. Similarly, we have

ol al ad ol
() _ 00U) drs IS g ping. (Al
ay ar;  dy as
Substituting back, we finally obtain
IFy b
=7 / dspsI’ (s)s,
0x 0
I, (A12)
ax
JoF,
=0,
x

where we utilize the following identities fozn dp cos’ B =
7, and fozn dB cosBsinB =0, fozn dBcospB = 0.

In a similar fashion, for displacement along the y coor-
dinate, we obtain

F,
-0,

dy

oF. D/2

—2 = n/ dspI’ (s)s, (A13)

dy 0

oF,
=0.

dy
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An equivalent analysis for the torques gives the following
relationships:

5 | ™ D2 2
8_ Ty / ds / d ﬂ
x|

yielding

s sin Bp;,

0
mscosfpu | Ll u)s
X

(A14)

a7,

D)2
=7 / dsppl’ (s)s%,
0x 0

D2
o :71/ : dsppl’ (s)s?,
ay 0
0Ty
ax
aT,

By_

(A15)

Examining small angular displacements 6, ¢ in a similar
fashion, it is obtained

3 F, DJ2 2
— | F, / ds/ dﬁ—[(s)s (A16)
0 | g
pscos B+ pno
X psSin B — p,¢ > (A17)
ps(—0Bcos B+ ¢sinB) + p,
further, to first order this simplifies to
DJ2 2 ae > cos B+ pu
50 / ds/ dp dps sin B 1(s)s.
F —ps cosﬁ + %
(A18)
We note that from Eq. (A8)
dps _ Ops dq _ 9py
= = g Cesh, (AI)
20 dq 00
leading to
P Fy D2 2
— | F | = f ds/ dp
89 Fz 0 0
ap‘ cos? B+ p,
X f{; cos Bsin B I(s)s. (A20)
—ps COS B — 3”" cos f8

After integrating over df, the only nonzero term that

remains is
) 1(s)s.

OF b

il =TT / dS -
30 o
Other force and torque gradients are derived in the equiva-
lent manner. We summarize below

(A21)

IF, D)2

o " / dsps(s)I'(s)s,
0

a1, D)2

% = 71/ dspn()I' (s)s,
0

an D/2 9 ;

89=n/" w{—”“)+amwpﬁm
0

D)2
oF, _ / ds[ap‘v(s)—2pn(s):|l(s)s,
0

d¢ dq
9% :n/ 3pn(s)]( ¥
¢ 0 dq (A22)
iy =7T/D/2d LIOBTRNE
30 0 dq

0Ty _ 0Ty

a9

oF,  0F,

30 9’

OF,  OF,

By ox’

dr, 0Ty

X oy

where the normalized pressure components (generally spa-
tially dependent) p;(s) and p,(s) are evaluated at equilib-
rium (¢ = 0).

1. Dynamical behavior of a metasurface

For the motion of a metasurface approximated as a rigid
body in three dimensions, the equations for the kinematics
and the dynamics can be expressed as

=",
a = Lo,
1. (A23)
17 = _F(;s&)a
m
O=M"[-dxMd+iFa)],

where 7 is the position and & the orientation of the body,
and L% is the matrix relating the time derivative of orien-
tation angles to components of the angular velocity. The
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optical force F(, &) and optical torque 7 (7, &) depend on
the position and the orientation of the body. Because of
axial symmetry M, = M,, and 7, = 0. For the dynamics
of the system, we characterize the state vector as a set
of spatial coordinates (x, 8, y, ¢) and their time derivatives
(x,0,7, ¢). The stability analysis describes the response to
small perturbations near the origin (i.e., the beam axis).
Near the origin, we can linearize Eq. (A23) by observing
0 = wy, ¢ = wy, and taking the partial derivatives of F, T
with respect to translational and angular displacements.
We arrive at the matrix form

0 0 0 0 1000
X7 0 0 0 0 0100
0 0 0 0 0 0010
y 0 0 0 0 0001
dl¢|_|Li Lik g g 0000
dtx 1 97 1 9ty
4 W a0 0 0000
¥ 1 0Fy 1 0F
; 0 4% war 0000
== 1 9y 1 Oty
L 0 % sy s 0000
A
-
9
y
¢
x).F (A24)
6
Y
Lo

The stiffness coefficients are explicitly defined as

_lor,  10F,
M=% m ay’
1 9F, 1 9F,
Xo=——0 ==,
m 90 m 0¢
1 97, 1 07,
3= . = "5, >
M, ox M, oy
1 oz, 1 ot
X4 ——

T M;a¢ M, 96

Using the previously derived expressions for perturbations
in force and torque for small displacements [Eq. (A22)],

we arrive at
1 9F, 1 3F, b2
X =—— - T dspI’(s)s,
m 0x m ady mc Jy
1 0F, 1 dF),
X2 =— =———_"
m 00 m d¢
D/2 ap.
= l ds [_ﬂ + 2pn:| ](S)S,
mc Jo dq
19 1 dr, b
o= —o o 0 e T 9)s
M 9x M dy Mc Jo
1o, 19 b2 ap,
= s = e = | B, (A29)
Map Mo M), dq

where M, = M, = M and I(s) is the radial intensity of
unpolarized beam of light, and the factor of speed of light ¢
is explicitly included. The (degenerate) eigenvalues of the
Jacobian matrix are

1

Mg =*Et—

1-8 7
\/(X4 —x0) £V — x0)? 4G xa + xex)-

(A26)

Due to the symmetry of the eigenvalue expression above,
positive and negative eigenvalues would appear in pairs.
Seeking to avoid a situation with an exponentially growing
solution, it is necessary that all eigenvalues be purely imag-
inary. For this to be true, the following conditions c; 3
must be satisfied:

cr=xs—x1 <0,

€2 = x1xa+ x2x3 <0, (A27)

e3=—(pa — x1)* — 400 xa + x2x3) < 0.

Assessment of stability is carried out through numerical
evaluation of conditions above for any metasurface and
beam configuration of interest. To avoid numerical issues
associated with comparing very small numbers to zero,
when evaluating these necessary conditions we introduce a
small offset (0.001). The choice of offset can slightly shift
the boundary associated with stability and instability. It is
convenient to normalize all lengths and times in the prob-
lem in the following manner. Assuming the diameter of the
metasurface structure to be D, the normalized spatial and
temporal coordinates become

x — x/D,

mc
r— t/ IO—D,

(A28)
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where [j is the (peak) beam intensity. With these in mind,
the stiffness coefficients become

D)2
X1 =-7 / dspsI' (s)s,
0

D/2 9
Xz:n/ ds[ Ps +2p,,]1(s)s
0 dq
D/2
X3 = _E/ dSPnI/(S)SZ,
Y Jo

D2 g
X4 = z/ dsﬁl(s)sz,
v Jo dq

where y = 1/16 for a uniform disk. For the case when
Ps,Pn are spatially independent, the stiffness expressions
further simplify to

(A29)

D/2
X1 = —TPs / dsI'(s)s,
0

I, D/2
X2 =T [—i + 2pn:| / dsI (s)s,
dq 0

)2 (A30)
T
X3 = ——"Dn / dsI'(s)s%,
Y 0

9 D/2
g = ZEPn / dsl (s)s>.
Y 99 Jo

2. Metasurface radiation-pressure components

To derive the expressions for the radial p; and normal p,
pressure components for analyzed metasurface configura-
tions, we begin by considering the net momentum change
of the incident beam of light. The total light momentum
P can be expressed as pP= AVg = AVS/C = AcAtS/c
where the momentum density g and the S Poynting vector
relate g = S/c?, and 4 is the cross-section area. The force
corresponds to the change of momentum F = —AP/At.
Assuming the initial wave vector K and the final wave
vector k¥, the force becomes F = —(kF — k') /ko Aly/c,
where kj is the wave-vector magnitude and /; is the inten-
sity Iop = (S) corresponding to the time-averaged Poynting
vector. From here, the unit-cell pressure, normalized to
Iyc, relates to normalized final and initial wave vectors
as p = — (k" — k’). In this analysis, it is assumed that the
beam intensity is varying slowly relative to the dimension
of the unit element.

For the case of a reflective cone, the interaction between
the radial unit element and the beam occurs in the s-n
plane. In this plane, the normalized incident wave vector
of the light beam is

= sin(q)s + cos(g)n, (A31)

where ¢ is defined by Eq. (A4). The wave vector of the
specularly reflected beam from Snell’s law becomes

K = sinQa + q)s — cosRa + g)n,

where « is the cone angle. From here, we get the pressure
components to be

Ps = [_ sin(2a + Q) + sin(C])]ksn,

(A32)
= [cosQa + q) + cos(q) ks

At equilibrium (¢ = 0), we have k,, = 1. These expres-
sions and their derivatives become

ps = —sinRa),

Pn =1+ cosCa),

aps

Py _ 1~ cosa), (A33)
dq
Pn )

Pn _ _ sin(2w).

dq

For a metasurface, the normalized incident wave vector of
the light beam is similarly

K = sin(¢)$ + cos(q). (A34)
A phase-gradient axial metasurface imparts a radial wave-
vector shift k7 =kl +0®/ds, namely kI = (sing+
cosa). As mentioned in the main text, we consider
the range of o to be o €[—m, 7] so as to cap-
ture both reflection-mode metasurfaces (¢ < 0) and
transmission-mode metasurfaces (o > 0). Since [k'| =
|k'|, we can write the n-component momentum change
as Ak, = sgn(a)[\/l — (sing + cos a)? — cosg]. We can
then obtain the pressure components as

Ds = —CoS« ksn,

Pp=— [sgn(a)\/l — (sing + cos ®)? — cos qi| k.
(A35)

At equilibrium (¢ = 0), we have k, = 1. These expres-
sions and their derivatives become

ps = —cos(a),
Pn = 1 — sin(a),
P _, (A36)
dq
Opu 1
g ~ tana’
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APPENDIX B: OPTIMIZATION OF
METASURFACE AND BEAM PROFILES

For the optimization of the metasurface design in a
Gaussian beam shown in Fig. 3(b) in the main text, we dis-
cretize the phase profile over N, radial steps (between 0 and
D/2), where at each step, the directing angle can assume
one of N, values within the +«. bounds. Specifically, we
analyze 6° = 46 656 combinations, where

3 1 1 1 1 3 B1
o€ |: 47r, 2”’ 4n,+4n,+2n,+4n]. (B1)
We note that @ = 0 corresponds to a 90° deflection of the
beam, which is challenging from a practical point of view,
but also not relevant for our purposes (since the longitu-
dinal z force is not particularly strong at « = 0, as can be
seen in Fig. 3(a) of the main text).

Following this, we analyze a Gaussian beam-intensity
profile with a polynomial modification, namely

1) = (g0 + g7+ gr7)2e ™", (B2)
where the incident beam intensity is parameterized by a
vector g = (go,£1,22,23), and  is the dimensionless radial
coordinate normalized to beam diameter. We assume the
object scatters according to the @ metasurface profile from
Fig. 3(b) of the main text.

In practice, in order to efficiently use the incident laser
power, it is often advantageous to maximize the longi-
tudinal radiation force relative to the total beam power,
ie.,

_F. _ (Q7n/o) foD/zp,,Isds
"= Pole T @uje) [P lsds

; (B3)

subject to constraints corresponding to the necessary con-
ditions for stabilization ¢ 3 < 0 from Eq. (A27). As our
formalism lends itself to straightforward calculation of
d/dg derivatives of both the merit function n and the
constraints ¢ 53, we employ efficient gradient-based opti-
mization, specifically the method of moving asymptotes
[63] accessed via the NLopt package [64]. Starting from
the initial case of a Gaussian beam of Fig. 3 [for which g =
(1,0,0,12.5)], we find a beam-intensity profile specified
by g = (0,21.,—62.,40.). For practical considerations, we
sought to make the gradient of beam intensity to be zero on
axis. The corresponding enhancement due to the described
beam-profile optimization is 1y /n; = 1.71, leading to the
overall value of n = 0.995 for the example configuration
considered in this work.

By contrast, calculating the same longitudinal force per
unit beam power [given by Eq. (B3)] for the structure
of Ref. [33], yields n = 0.081, a consequence of subopti-
mal photonic structure and beam configuration. Taking the

ratio of the two n values gives the relative improvement
of approximately equal to 12.3 x. We note that the struc-
ture of this work can be further improved by extending the
self-imposed choice of allowable range of angles beyond
[—(3m/4),3m /4]. This analysis represents one example of
how the beam and structure degrees of freedom can be
engineered and optimized for stabilization. Extended dis-
cussion of the beam profile and the metasurface design can
be found in the Supplemental Material [65].
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